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1 Introduction 

The Cartan- Janet theorem asserted that for any analytic Riemannian manifold (M n ,g), 
there exist local isometric embeddings of M n into Euclidean space K N as N is sufficiently 
large. The CR analogue of Cartan- Janet theorem is not true in general. In fact, Forstneric 
|F086] and Faran |Fa88j proved the existence of real analytic strictly pseudoconvex hyper- 
surfaces M 2n+1 C C n+1 which do not admit any germ of holomorphic mapping taking M 
into sphere dM N+1 for any N. 

There are recent progress on CR submanifolds in sphere dM N+1 . Zaitsev |Za08j con- 
structed explicit examples for the Forstneric and Faran phenomenon above. Ebenfelt, Huang 
and Zaitsev [EHZ04j proved rigidity of CR embeddings of general M 2n+l into spheres with 
CR co-dimension < ~, which generalizes a result of Webster that was for the case of co- 
dimension 1 [We79j . S.-Y. Kim and J.-W. Oh |KO06j gave a necessary and sufficient condi- 
tion for local embeddability into a sphere dM N+l of a generic strictly pseudoconvex psuedo- 
hermitian CR manifold (M 2n+1 , 9) in terms of its Chern-Moser curvature tensors and their 
derivatives. 

In Euclidean geometry, for a real submanifold M n C K n+a , M is a piece of E™ if and only 
if its second fundamental form 11m = 0. In projective geometry, for a complex submanifold 
M n C CP n+a , M is a piece of CP n if and only if its projective second fundamental form 
II M = (c.f. |IL03j . p. 81). In CR geometry, we prove the CR analogue of this fact in this 
paper as follows: 

Theorem 1.1 Let H : M' — > dM N+1 be a smooth CR- embedding of a strictly pseudoconvex 
CR real hypersurface M' C C n+1 . Denote M := H(M'). If its CR second fundamental 
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form II M = 0, then M C F(dW +l ) C 9B JV+1 where F : B n+1 M N+l is a certain linear 
fractional proper holomorphic map. 

Previously, it was proved by P. Ebenfelt, X. Huang and D. Zaitsev ( [EHZ04] . corollary 
5.5), under the above same hypothese, that M' and hence M are locally CR-equivalent to 
the unit sphere <9B n+1 in C n+1 . 

There are several definitions of the CR second fundamental forms IIm of M (see Section 
3, 4, 5, and 6). The result in [EHZ04j used Definition 1 or 2. However, to prove Theorem 
1.1, we need to use Definitions 3 and 4. We'll prove in Section 4 that IIm = by any one of 
the four definitions will imply IIm = for all other three definitions. One of the ingredients 
for our proof of Theorem 1.1 is the result of Ebenfelt-Huang-Zaitsev [EHZ04j so that M 
can be regarded as the image of a rational CR map F : <9EP +1 — >• M C dM. N+1 . Another 
ingredient is a theorem of Huang QHu99| ) that such a map F is linear if and only if its 
geometric rank k is zero. The third one is a result from [HJY09] about a special lift for 
maps between spheres. 

Acknowledgments We would like to thank Professor Xiaojun Huang for the constant 
encouragement and support. The second author is also grateful to Wanke Yin and Yuan 
Zhang for helpful discussions. 

2 Preliminaries 

• Maps between balls We denote by Prop(M n , M N ) the space of all proper holomorphic 
maps from the unit ball B n C C n to denote by Prop k (B n , M N ) the space PropiW, M N ) n 
C k (W), and denote by Rat(M n ,M N ) the space Prop(M n ,M N ) n {rational maps}. We say 
that F and G G Prop(M n ,M N ) are equivalent if there are automorphisms a G AutiW 1 ) and 
t G Aut(E N ) such that F = r o G o a. 

Write H n := {(z,w) G C™ _1 x C : Im(w) > \z\ 2 } for the Siegel upper-half space. 
Similarly, we can define the space PropiW 1 , H ), PropkiW 1 , H N ) and Rat(M n , M N ) similarly. 
By the Cayley transformation p n : HP — > B n , p n (z,w) = (yz|^; we can identify a 

map F G Prop k {W, M N ) or Rat(M n ,M N ) with p" 1 o F o Pn in the space PropkiW 1 , M N ) or 
Rat(M. n ,M N ), respectively. We say that F and G G Prop(M n ,M N ) are equivalent if there 
are automorphisms a G AutiW 1 ) and r G Aut(M N ) such that F = r o G o a. 

We denote by dW L = {(z, w) G C n_1 xC : lm(w) = \z\ 2 } for the Heisenberg hypersurface. 
For any map F G Prop2{W,W N ), by restricting on dW, we can regard F as a C 2 CR 
map from <9IH n to dW N , and we denote it as F G Pr op2 ( 9H n , SEI^). We say that F and 
G G Prop2(<9H n , ffl^) are equivalent if there are automorphisms cr G y4ut(<9HP) = v4ut(EI n ) 
and t G i4ut(9H JV ) = such that F = r o G o a. 
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We can parametrize <9EP by (z,~z,u) through the map (z, z, u) — > (z,u + i\z\ 2 ). In what 
follows, we will assign the weight of z and u to be 1 and 2, respectively. For a non-negative 
integer m, a function h(z, z, u) defined over a small ball U of in dW 1 is said to be of quantity 
Owtim) if ~^~j^pr — * uniformly for (z, u) on any compact subset of U as t(E R) — > 0. 

• Partial normalization of F Let F = (/, 0, #) = (/,#) = •"" > /n-i, 0i, ' • • , 

be a non-constant map in Pro£>2(<9EP, cffl/^) with -F(O) = 0. For each p G <9IH n , we write 

o-J G Aut(H n ) with o-°(0) = p and r/ G Aut(H 7V ) with r p F (F(p)) = for the maps 

(Tp(z,w) = (z + z Q , w + w + 2i(z,zo)), (1) 
r p F (z*, u;*) = (z* - f(z , w ), w* - g(z , w ) - 2i(z*, f(z , w ))). (2) 

F is equivalent to ^ = ^0^0^ = ifpi4>pi9p)- Notice that F = F and F p (Q) = 0. 
The following is basic for the understanding of the geometric properties of F . 

Lemma 2.1 ([$2, Lemma 5.3, Hu99], [Lemma 2.0, Hu03]): Let F be a non- constant map in 
Prop2{dM n , dM N ), 2 < n < N with F(0) =0. For each p G dW L , there is an automorphism 
r** G Auto{M N ) such that F** := t** o F p satisfies the following normalization: 

fp = z + \< {1 \ z ) w + °^( 3 )' C = C (2) (^) + M2), 9* P * = w + o wt (A), (3) 

{z,a;< 1 \z))\z\ 2 = \<pf 2 \z)\\ 

Let A(p) = —2i{ dz P Q^ \o)i<j,i<n-i- We call the rank of A(p), which we denote by Rkp{p), 
the geometric rankoiF at p. Rkp(p) depends only onp and F, and is a lower semi- continuous 
function on p. We define the geometric rank of F to be Kq(F) = max p€ gu"RkF(p)- Notice 
that we always have < Kq < n — 1. We define the geometric rank of F G Prop 2 (B™, B ) 
to be the one for the map p^ 1 o F o p n G Prop 2 (H n , M N ). 

Lemma 2.2 (ct. [Hu99], theorem 4-3) F G Prop2(J$> n ,M N ) has geometric rankO if and only 
if F is equivalent to a linear map. 

Denote by «So = {(J, I) '■ 1 < J ; < ^Oj 1 < I < (n> ~ 1), j < and write 5 := {(j, I) : 
(j, I) G So, or j = Ko + 1, Z G {« + 1, • • • , ko + - n - (2 "' k °" 1)k ° }}- 
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Lemma 2.3 ([Lemma 3.2, Hu03]): Let F be a C 2 -smooth CR map from an open piece 
M C dW l into dU N with F(0) = and Rk F (0) = k„. Let P(n,K ) = Ko(2 "~ K "~ 1) . Then 
N > n + P{n,K ) and there are a £ Au^dW 1 ) and r £ Auto(dU N ) such that F*** = 
t o F o a := (/, 4>, g) satisfies the following normalization conditions: 

fj = z j + ~Y z j w + °^( 3 )' (°) = °' 3 = 1 ' ' ' ' K °' & > °' 

/j =z 3 - + o wt (3), j = Ac + 1, • • ■ ,n - 1 
' ^=w + 0urt (4), (4) 
4>ji =fijiZjZi + cw(2), where (J, I) £ 5 /i^ > /or (j, I) £ <S 
and /iji = otherwise 

where n fl = s /]I~+]r l for j, I < Kq j ^ I, /iji = y/JI] if j < k and I > k or if j = I < Kq. 



• Pseudohermitian metric and Webster connection Let M be a C 2 smooth real 
hypersurface in C n+1 . We denote by T C M = TMC\iTM C TM its maximal complex tangent 
bundle with the complex structure J : T C M — > T C M. Here J(S~) = S~ and J(-Jr-) = — Tp- 

r v axj ' ayj y ayj ' axj 

in terms of holomorphic coordinates. We denote by V = T 0,1 M = {X + iJX | X £ T C M} C 
CTM := TM ® C the C# ZmndZe. We also denote T 1,0 M = V. All T C M, V and V are 
complex rank n vector bundles. 

Write T°M := (T 1,0 M © T°' 1 M) ± C CT*M for its rank one subbundle. Write T'M : = 
T°' 1_L C CT*M for its rank n + 1 holomorphic or (1,0) cotangent bundle of M. Here 
T° C T'M. 

A real nonvanishing 1-form 6 1 over M is called a contact form if A (g^) 71 7^ 0. Let M be 
as above given by a defining function r. Then the 1-form # = idr is a contact form of M. 

We say that (M, 0) is strictly pseudoconvex if the Levi-form L# is positive definite for all 
z £ M. Here the Levi-form Lg with respect to 6 is defined by 

L e (u,tf) := —idO(u A if), W,veT*'°(M), \/p £ M. 

Associated with a contact form # one has the Reeb vector field Rg, defined by the 
equations: (i) dO(Rg,-) = 0, (ii) 6 (Re) = 1. As a skew-symmetric form of maximal rank 
2n, the form d9\T p M has a 1- dimensional kernel for each p £ M 2n+1 . Hence equation (i) 
defines a unique line field (Rg) on M. The contact condition A (d0) n ^ implies that 9 is 
non-trivial on that line field, so the unique real vector field is defined by the normalization 
condition (ii). 
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According Tanaka [T75] and Webester [We78j . (M,9) is called a strictly pseudoconvex 
pseudohermitian manifold if there are n complex 1-forms 9 a so that {9 l , 9 n } forms a local 
basis for holomorphic cotangent bundle H*(M) and 

n 

d9 = iJ2 M° A & (5) 

a,P=l 

where (h a p), called the Levi form matrix, is positive definite. Such 9 a may not be unique. 
Following Webster (1978), a coframe (9,9 a ) is called admissible if ([5]) holds. The admissible 
coframes are determined up to transformations 9 a = Up9^ where (v,p) G GL(C n ). 

Theorem 2.4 (Webster, 1978) Let (M 2n+l ,9) be a strictly pseudoconvex pseudohermitian 
manifold and let 9^ be as in (TJJj. Then there are unique way to write 

n 

d0 Q = J]V A u;^ + A r Q , (6) 

7=1 

where r a are (0, 1) -forms over M that are linear combination of 9 a = 9 a , andu^ are 1-forms 
over M such that 

= dh a p - h-^l - h^ul. (7) 



We may denote u a p = h^uj^ and tupa = h a ^cul. In particular, if 

h a p = a/3, 

the identity in (jTj) becomes = — ou a p — Up^, i.e., 



(8) 



= c4 + u&. (9) 



The condition on r 13 means: 

t 8 = A p v B v , A aP = A? a } (10) 
which holds automatically. The curvature is given by 

du£ - A = Rj> ^ Af+ Wf ^A9- W\ V 9 V A 9 + i9 a A r' 3 - ir a A 9? (11) 
where the functions Rj 1 v and Wj 3 represent the pseudohermitian curvature of (M,9). 
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3 CR second fundamental forms 



Definition 1 



We are going to survey four definitions of the CR second fundamental forms IIm of M in 
dM. N+1 . We start with Definition 1 which is the intrinsic one in terms of a coframe. 

Lemma 3.1 ([EHZ041, corollary 4-2) Let M and M be strictly pseudoconvex CR-manifolds 
of dimensions 2n + 1 and 2n + 1 respectively, and of CR dimensions n and n respectively. 
Let F : M — > M be a smooth CR-embedding. If (9, 9 a ) is a admissible coframe on M , then 
in a neighborhood of a point p e F(M) in M there exists an admissible coframe (9, 6 A ) = 
(9, 9°^) on M with F*(9, 9 a , 9^) = (9,9 a ,0). In particular, the Reeb vector field R is 
tangent to F(M). If we choose the Levi form matrix of M such that the functions h a -* in 

(TJP with respect to (9,9 a ) to be {6 a -g) } then (9,9 A ) can be chosen such that the Levi form 

matrix of M relative to it is also (5 A g) . With this additional property, the coframe (9, 9 A ) 
is uniquely determined along M up to unitary transformations in U(n) x U(n — n). 

If (9, 9 a ) and (9, 9 A ) are as above such that the condition on the Levi form matrices in 
Lemma [3.11 are satisfied, we say that the coframe (9,9 1 ) is adapted to the coframe (9,9 a ). 
In this case, by ©, we have 9 = F*9, 9 a = F*9 a , and 

n 

d9 a = 61 A ^7 + 6 A = ^1 + , VI < a, (3 < n, 
7=1 

and 

n 

d9 A = 9° A u A + 9 A t a , = u% + £§, VI < A, B < N. 

B=l 

For simplicity, we may denote F*uj a by u>^. We also denote F*cu A g by u A -^ where u AB - = u> A . 

Write loJ 1 = uj 1 ^ 13 . The matrix of (uj* »), 1 < a, (3 < n, n + 1 < \i < n, defines the CR 
second fundamental form of M. It was used in |We79] and |Fa90j . 



4 CR second fundamental forms Definition 2 

Definition 2 introduced in [EHZ04j will be the extrinsic one in terms of defining function. 

Let F:M^Mbea smooth CR-embedding between M C C n+1 and M C C N+1 where 
M and M are real strictly pseudoconvex hypersurfaces of dimensions In + 1 and 2n + 1, and 
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CR dimensions n and n, respectively. Let p G M and p = F(p) G M be points. Let p be a 
local defining function for M near the point p. Let 

E k (p) := span c {L J (p z , o F)(p) \ J G < | J| < k} C ri'°C* +1 , 

where pz> '■= dp is the complex gradient (i.e., represented by vectors in C N+1 in some 
local coordinate system Z' near p). Here we use multi- index notation L J = L^ 1 ■ ■ ■ L^ n and 
| J\ = Ji + ... + J n . It was shown in [LaOlj that E k {p) is independent of the choice of local 
defining function p, coordinates Z' and the choice of basis of the CR vector fields Lj, L^. 
The CR second fundamental form IIm of M is defined by (cf. [EHZ04], §2) 

II M (X P , Y p ) := n{XY(p^of)(p)) G T~M / E\ (p) (12) 

where 'p-g = dp is represented by vectors in C N+l in some local coordinate system Z' near 
p, X,Y are any (1,0) vector fields on M extending given vectors X P ,Y P G Tp ,0 (M), and 

Ti : T~M — > T~M / Ei{p) is the projection map. 

Since M and M are strictly pseudoconvex, the Levi form of M (at p) with respect to p 
defines an isomorphism 

T~M/ Ei (p) = T^M/F^M) 
and the CR second fundamental form can be viewed as an C-linear symmetric form 

II M , P : T$- Q M x T^M T~'°M/ F*(T p 1,0 M) (13) 

that does not depend on the choice of p (cf.[EHZ04], §2). 

The relation between Definition 1 and Definition 2 was discussed in |EHZ04j . Let (M, M), 
(9,9 a ), (9,9 A ) be as in Lemma 3.1, and we abuse the structure bundle (9,9 a ) on M with 
the structure bundle (9, 9 a ) on M. We can choose a defining function p of M near a point 
p = F(p) G M where p G M such that 9 = idp on M., i.e., in local coordinates Z' in C Ar+1 , 
we have 

N+l ~~ 

where we pull back the forms dZ[, dZ' N+1 to M. Then we consider the coframe (9, 9 a ) = 
(F*9, F*9 a ) on M near p with F(p) = p. We take its dual frame (T, L A ) of (0, 6> A ) and have 

Lpfa o F) = -iLpjdO = g^0 U = 9M^- ( 14 ) 
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Here we used the definition of the construction, (jSJ) and the dual relationship (Lp,6 a ) = 
5p and also notice that = <5g 7 . Applying L a to both sides of (1141) . we obtain 

L Q L /3 (p^/ o F) — g^L a _id8~ = uJappO 11 mod(8, 6 a ) 

which implies 

II M (L a , Lp) = ufpLp, n + 1 < y, < N. (15) 

This identity gives the equivalent relation of the intrinsic and extrinsic definitions of 11m- 
Notice that we need a right choice of (9, 8 a ), (T, La) and p. 
By using (o; a 6 o) and ffT5j) . as in ([TBI , we can also define 

II M , P : T^°M x T^M -> T~'°M/ F*(T p 1,0 M) (16) 

which is independent of the choice of the adapted coframe (#, # j4 ) in case M is locally CR 
embeddable in C^ 1 (cf. [EHZ04], § 4). 



5 CR second fundamental forms 



Definition 3 



Definition 3 will be the one as a tensor with respect to the group GL®(C N+2 ). 

The bundle GL®(C N+2 ) over dM N+1 We consider a real hypersurface Q in C N+2 defined 
by the homogeneous equation 



(Z, Z) := zAzA + ~(Z°Z N+1 - Z a Z N + 1 



0. 



;i7) 



where Z = (Z°, Z A , Z N+1 y £ C N+2 . Let 

^+2 _ {0} _ CpAT+l^ (ZQ) ^ Zn+i) ^ [zq . . 



vr : 



be the standard projection. For any point x £ CP 



7Tn X 



5 "0 



is a complex line in C N+2 — {0}. 



For any point u £ C^ 2 — {0}, tiq(v) £ CP iV+1 is a point. The image vro(Q — {0}) is the 
Heisenberg hypersurface dM N+1 C CP^" 1 " 1 . 
For any element A £ GL(C Af+2 ): 



A — (ao, a^+i) 



a (0) 
a (1) 


a< 0) . 
a« . 


a (0) 1 
a (1) 






£ GL(C N+2 ), 


(19) 


(JV+l) 



a[ N+1) . 


• U 7V+1 J 







where each aj is a column vector in C N+2 , < j < N + 1. This A is associated to an 
automorphism A* £ Au^CP^ 4 " 1 ) given by 



(x rV+l N+l N+l 

{« :*. = ...: ) = E : E «5% : - = E 



(20) 



i=o j=o j=o 

When Oq ' 1 ^ 0, in terms of the non- homogeneous coordinates (u>i, w n ), A* is a linear 
fractional from C N+1 which is holomorphic near (0, ...,0): 

X-N+l (1) vA r + i (TV+i) 



A*(w u -, w N+1 ) = I J N+1 ; Q) , -, (Q) , where Wj = ^. (21) 

We denote A £ GL ( 3(C Ar+2 ) if A satisfies A(Q) C Q where we regard A as a linear 
transformation of C^ 2 . If A £ GL Q (C N+2 ), we must have A*(dW N+1 ) C 9H JV+1 , so that 
A* £ Awf(9H JV+1 ). Conversely, if A* £ A M t(9H Ar+1 ), then A £ GL Q (C N+2 ). 

We define a bundle map: 

7i : GL(C JV+2 ) -> CP^ 1 

A = (a ,ai, ...,ajv+i) ^ vr (a ). 

Then by (ED}, for any map A £ GL(C JV+2 ), A £ tt" 1 (7r (a )) <^=> A*([l : : ... : 0]) = 
7To(ao). In particular, by the restriction, we consider a map 



vr: GL«(C JV+2 ) -> cffl^ 1 

A = (a ,ai, ...,ajv+i) h-> vr (ao). 



(22) 



We get aM^ 1 ~ GL Q {C N+2 )/P 1 where P x is the isotropy subgroup of GL Q (C N+2 ). Then 
by ((20D, for any map A £ GL Q (C n+2 ), 

A £ tt-^ttoCoo)) ^ A*([l : : ... : 0]) = 7r (a ). (23) 



CR submanifolds of dM N+1 Let H : M' — > 9H Ar+1 be a CR smooth embedding where 
M' is a strictly pseudoconvex smooth real hypersurface in C n+1 . We denote M = H(M'). 

Let Rm' be the Reeb vector field of M' with respect to a fixed contact form on M' . Then 
the real vector R M i generates a real line bundle over M', denoted by TZm'- Since we can 
regard the rank n complex vector bundle T l,0 M' as the rank 2n real vector bundle, over the 
real number field R we have: 

TM' = T C M' © n M < ?t T lfi M' © K M '- (24) 
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given by 

d d d 
{ctj- — ,b j —)+cR M i^(aj+ib j )- h cR M >, Va,, bj,c £ R. (25) 

CJdj j kJ (J j LJ£j 

Since if is a CR embedding, we have 

H^T^M') = T lfi M C T 1 '°(dW N+1 ),TM ~ H^T^M') © H*(K M ,) C T(9H 7V+1 ). (26) 

Lifts of the CR submanifolds Let M = H(M') C <9lF +1 be as above. Consider the 
commutative diagram 

GL<>(C N+2 ) 
e/ i 7T 
M ^ dU N+1 

Any map e satisfying tt o e = Id is called a lift of M to GL®(C N+2 ). 

In order to define a more specific lifts, we need to give some relationship between geometry 
on dU N+1 and on C N+2 as follows. For any subset X £ <9H 7V+1 , we denote X := vr^X) 
where 7To : C^ 2 — {0} — > C¥ N+1 is the standard projection map ffTB"]) . In particular, for any 
x £ M, a; is a complex line and for the real submanifold M 2n+1 , the real submanifold M 2n+3 
is of dimension 2n + 3. 

For any x £ M, we take v £ x = 7r ( ^ 1 (x) C C^" 1 " 2 — {0}, and we define 

f x M = T v M, f^M = T^°M, K M , X :=K £[V 

where TZ^ = ^ v ^mT^m v These definitions are independent of choice of v. 

A lift e = (e , e a , e M ', ejv+i) of M into GL Q (C N+2 ), where l<a<nandn + l</i<iV, 
is called a first- order adapted lift if it satisfies the conditions: 

e Q (x) £ 7Tq ^x), span c (e , e a )(x) = T*'°M, span(e , e a , e N+1 )(x) = T*'°M ® TZ M ,x (27) 

where 

span(e , e a , e N+1 )(x) := {c e + c a e a + c N+1 e N+1 | c , c a £ C, c N+1 £ R}. (28) 

Here we used ( 12~5]) and the fact that the Reeb vector is real. Locally first-order adapted lifts 
always exist (see Theorem 17. II below). 

We have the restriction bundle T\j := GL®(C n+2 )\m over M. The subbundle n : JF| 7 — > 
M of J-^ is defined by 

■Tat = {( e o, e i5 e M , eAr+i) e -7^ I N e M, fl27j) are satisfied}. 
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Local sections of T]^ are exactly all local first-order adapted lifts of M. 



For two first-order adapted lifts s 
we have 



(eo,ej,e M ,e^ + i) and s = (e , e j? e M , e^+i), by (T27j)> 



0o e o, 



0°e o 



fi^ e AT+l, 



(29) 



Notice that by ( 1251) . is some real- valued function, while other are complex- valued 

functions. In other words, s = s ■ g where 



9 = (9o,9j,9^,9N+i) 



is a smooth map from M into GL®(C N+2 ) 
isomorphic to the group 



(9l 9l 




\0 



9l 



9 N , +l 



g°N + i\ 

9n+i 


9 N N + + \J 



Then the fiber of tt : T]^ 



(30) 



M over a point is 



^ 


\0 



.9 



0; 

N+1 





gSHJ 



e GL Q (C 



where we use the index ranges 1 < a, (3 < n and n + 1 < fi,u < N. 

We pull back the Maurer-Cartan form from GL®(C N+2 ) to by a first-order adapted 
lift e of M as 





,0 

Up 


1 i° 


u n-\ 


-l\ 




Up 




N~ 


-1 


A 1 
^0 


A* 
^8 

, , N+l 




A 1 


-1 








1 y 

-1/ 



Since uj = e _1 c?e, i.e., eu = de. Then we have 

de = e UQ + e a UQ + e M o# + ejv+i^ +1 . 
On the other hand, we claim: 



(31) 



de = e ujQ + e a UQ + e N+1 ujQ +1 . 



(32) 
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In fact, take local coordinates systems (x\, x 2n+ i) for the real manifold M, and (yi, 1/2, 
...,X2n+i) for the real manifold M where (1/1,1/2) is the coordinates for fibers. By the first 
condition in (1271) . fixing Xi, ...,Xj-i,Xj + \, X2 n +i, eo(...,Xj, ...) is a curve into M with pa- 
rameter Xj. Then |^ G TM is a tangent vector to this curve. Since span(e , e a , ejv+i)(x) = 

f*'°M © K M) x in (EZJ) and TM ^ T 1,0 M © ft^, we obtain 

= &o e + fo{e Q + &^ +1 ejv+i, 1 < j < 2n + 1 (33) 
for some functions b 3 Q , b? a and tf N+1 - We also have 

^ = 0, /or 1,2, (34) 
because (2/1,7/2) are the coordinates for fibers. From fl33|) and fl34"|) . we get 

<fe = + f~^ 2 + ^2 ^ dXj = 5Z^ e ° + + ^at+i^+i)^ 



= tfodx^eo + V a dx d )e a + bi i N+1 dx j )e N + 1 . (35) 
i i j 

Since the 1-forms 0;$, co>o , cl^ +1 in ( 13~TT) are unique, from ( 1351) . it proves Claim ( 1321) . 

By ( 13T1) and ( 1321) . we conclude cjg = 0, V/x. By the Maurer-Cartan equation gL> = —uAuj, 
one gets = du v Q = -< A<- A i.e., = -u v a A mod(w A ' +1 ). Then by 

Cartan's lemma, 

for some functions q v a Q = q^ a - 

The CR second fundamental form In order to define the CR second fundamental 
form II M = IIm = q^gUJ^UQ © e , mod(u; ( ^ +1 ), let us define as follows. 

For any first-order adapted lift e = (eo, e a , e„, e^+i) with 7To(eo) = x, we have e a G T^ ,0 M. 
Recall TbG(/c, V) ~ £7* © (^/-E 1 ) where G(fc, V) is the Grassmannian of fc-planes that pass 
through the origin in a vector space V over 1 or C and E G G(k, V) ([TLQ3j, p. 73). Then 
T X M ~ (£)* © (T x M/x) and hence the vector e Q induces G T^ ,0 M by 



e Q = e° © (e a mod(e )) : 



where we denote by (e°,e a ,e' J ',e N+l ) the dual basis of (C N+2 )*. Similarly, we let 



e° © (e M mod f^ 0) M) G i\£'°M, (36) 
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where N 1,0 M is the CR normal bundle of M defined by JV^M = T^°(dU N+1 )/T^°M. 
By direct computation, we obtain a tensor 

II M = ir M = S G T(M, SV^M ® <° (eo) M) mod(^ +1 ). (37) 

The tensor iT^ is called the CR second fundamental form of M. 

Pulling back a lift Let M C dU N+1 be as above with a point Q G M._Let 
A G GL Q (C N+2 ), A* G A«t(9H JV+1 ) with A*(Q ) = P and M = A*(M). Let s : M -> 
GL Q (C N+2 ) be a lift. We claim: 

s := A" 1 • so A*, (38) 

is also a lift from M into GL®(C N+2 ). In fact, in order to prove that s is a lift, it suffices to 
prove: ns = Id, i.e., for any point Q G M near Qo, tts(Q) = Q. In fact, 

tts(Q) = n(A~ l ■ so A*){Q) = tx{A~ 1 ■ s{P)) = {A*)-\tzs{P)) = (A*)-\P) = Q. 

so that our claim is proved. 

If, in addition, s is a first-order adapted lift of M into GL®(C N+2 ), s is also a first-order 
adapted lift of M into GL Q (C N+2 ). 

Let Q be the Maurer-Cartan form over GL®(C N+2 ). Then by the invariant property 
A*n = n, we have s*n = (A' 1 ■ so A*)*Q = (A*)*(s)*(A~ 1 )*Q = (A*)*(3)*fi, i.e., it holds 
on M that 

= (A*)*£ (39) 

where u = s*Q and u = s*Q so that Uq = (A*)*Uq and wjg = (A*)*lj£. The last equality 
yields 

€s = €s o A*. (40) 



6 CR second fundamental forms Definition 4 



Definition 4 will be the one as a tensor with respect to the group SU(N + 1,1). 
As for Definition 3, we consider the real hypersurface Q in C N+2 defined by the homo- 
geneous equation 

(Z,Z) : =^Z^+-(Z 7V+1 Z0-Z°^TT) = 0, (41) 
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where Z = (Z°, Z A , Z N+1 y G C N+2 . This can be extended to the scalar product 



(Z, Z') := J2 zAz ' A + -(Z N+1 Z° - Z°Z' N+l ), (42) 

A 2 

for any Z = (Z°, Z A , Z N+l )\ Z' = (Z'° , Z' A , Z' N+1 y_ G C N +2 . This product has the prop- 
erties: (Z,Z') is linear in Z and anti-linear in Z'\ (Z,Z') = (Z',Z); and Q is defined by 
(Z,Z) = 0. 

Let SU(N + 1, 1) be the group of unimodular linear transformations of C N+2 that leave 
the form (Z,Z) invariant (cf. [CM74]). 

By a Q-frame is meant an element E = (Eq, Ea, E n+1 ) G GL(C n+2 ) satisfying (cf. 
[CM74, (1.10)]) 

det(E) = l, ^ 
(Ea,E b ) = Sab, (Eo,E n+1 ) = — (E N+1 ,E ) = — |, 

while all other products are zero. 

There is exactly one transformation of SU(N + 1, 1) which maps a given Q-frame into 
another. By fixing one Q-frame as reference, the group SU(N + 1,1) can be identified 
with the space of all Q-frames. Then SU(N + 1, 1) C GL®(C N+1 ) is a subgroup with the 
composition operation. By (122]) and the restriction, we have the projection 

Ti : SU(N + 1,1)-+ dW N+1 , (Z Q , Z a , Z N+l ) ^ span(Z ). (44) 

which is called a Q-frames bundle. We get dM N+1 ~ SU(N + 1,1)/P2 where P2 is the 
isotropy subgroup of SU(N + 1, 1). SU(N + 1, 1) acts on dU N+1 effectively. 

Consider E = (Eq, Ea, -EW+i) G SU(N + 1, 1) as a local lift. Then the Maurer-Cartan 
form on SU(N + 1,1) is defined by dE = (dE , dE A , dE N+l ) = EQ, or 6 = E^-dE, i.e., 

/ ©A ©V+A 

d (E E A E n+1 ) = (E E B E N+1 ) 0^ 0^ 0« +1 , (45) 

\ A^+l CiN+l ftN+l I 
\ u U A u JV+l/ 

where 0^ are 1-forms on SU(N + 1,1). By (]43p and (]45p . the Maurer-Cartan form (0) 
satisfies 



U A — ZiU , U Ar+1 — 2 U A' U B + U A — U ' U + U A + U V+1 — U ' 
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where 1 < A < N. For example, from {Ea, Eb) = Sab, by taking differentiation, we obtain 

(dE A , E B ) + (E A , dE B ) = 0. 



By ( |45l) . we have 



N+l 



'dE = E Q e° + E B e$ + E N+1 e l 

dE A = E Q A + E B Q B A + ^ +1 0^ v 
dE^+i = EqQ° n+1 + EbQn+i + En+i^n+v 



jv+i 



Then 



{E O° A + E c Q C a + E N+l Q N A + \ E B ) + E Q° B + E D Q% + ^+i6^ +1 ) = 0, 
which implies 0^ + 0^ = 0. In particular, from (|46p . 0^ = — 2iQj 4+1 . satisfies 

d© = —0 A 0. (47) 



Let M ^ dU N+1 be the image of H : M' -> 9H 7V+1 where M' C C n+1 is a CR strictly 
pseudoconvex smooth hypersurface. Consider the inclusion map M <^-> dM. N+1 and a lift 
e = (e , ei, ejv+i) = (e , e a , e u , e^ + i) of M where 1 < a < n and n + 1 < v < N 

SU(N+ 1,1) 

M 9H 7V+1 

We call e a first-order adapted lift if for any x G M, 

7To(e (x)) = x, span c (e , e a )(x) = T*'°M, span(e , e a , e N+1 )(x) = T^'°M © TZ M ,x- (48) 

Locally first-order adapted lifts always exist (see Theorem 17. II below) . We have the restric- 
tion bundle JF^ := SU(N + 1, 1)\ M over M. The subbundle 7r : 3% -»• M of ^ is defined 
by 

^Af = {( e o, ej, e M , ejv+i) G ^ | [e ] G M, (gHD are satisfied}. 

Local sections of are exactly all local first-order adapted lifts of M. The fiber of it : 
—>■ M over a point is isomorphic to the group 



G 1 



91 9Z 9 a N+ i 
0^0 
\0 g»+y 



G SU(N+ 1,1] 
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where we use the index ranges 1 < a, (3 < n and n+l</jL,u<N. 

By the remark below (12"9"]) . g^l is real-valued. By (l4"3l) . we have (g , g^+i) = —5, it 

implies 'SW+i = 1- I n particular, both gj^+i and 5$ are rea l- Since (go, 5^) = and ^ 7^ 0, 
it implies g„ +l = 0. Since (g a ,gp) = 5 a p, it implies that the matrix (gP) is unitary Since 



deg(g) = 1, it implies g° • det(gP) ■ det(g$ ■ g%+l = 1, i.e., de%£) • det(g$ = 1. 

By considering all first-order adapted lifts from M into SU(N + 1, 1), as the definition 
of IIm in Definition 3, we can defined CR second fundamental form IIm as in ([3] 



II M = H M = gfPZug ® e M g T(M, S 2 T 



7 2 T 1,0* M 



(49) 



which is a well-defined tensor, and is called the CR second fundamental form of M. 

We remark that the notion of IIm in Definition 4 was introduced in a paper by S.H. 
Wang [Wa06] . 

Pulling back a lift Let M C dM N+1 be as above with a point Q G M. Let A G SU(N + 
1,1), A* G Ant(9H Ar+1 ) with A*(Q ) = P and M = A*(M). Let s : M -> SU(N + 1, 1) be 
a lift. We claim: 

s := A" 1 -so A*, 



is also a lift from M into SU(N + 1, 1). Similarly as in ( 139]) and ( 1401) . we have 

(A*)*u 



and 



la/3 — Qa/3° 71 ' 

where u; = s*Q, uj = 3*f2 and f2 is the Maurer-Cartan form over SU(N + 1, 1] 
[Example] Consider the maps in (pD) and (j2J): 



(50) 

(51) 
(52) 



a°(z : w) = (z + z , w + w + 2i{z, z )), 



F f * * 



(2* - /(«o» wo), ^* - #(^o, w Q ) - 2i{z\ f(zo, w ))) 



where p = {z ,w ), z = C n ,w = z n+1 , ct° G Aut{dM. n+1 ), and r p F G Aitt(9H iV+1 ). 
By (j!9p and (I2"T1) . these two maps correspond to two matrices: 



1 

Zqi 




1 



^0n 

w 2izoJ 








1 

2izoV t 1 



G SU{n + 1,1) 



(53) 
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and 



-4, 



1 

-foi 

ON-n 




1 










-2if N - n (z , w ) 



-g(z ,w) -2ifi (z ,w ) .. 
where z = (z i, z 0n ) and w = z 0n +i- □ 

[Example] Consider the map F x , r ,a,u = (f,g) £ Aut (dW n+1 ) 

\(z + aw)U 



e SU(N + 1,1) 



(54) 



X 2 w 



1 — 2z(z, a) — (r + z||a|| 2 )u> 1 — 2i(z, a) — (r + z||a|| 2 )io 

where A > 0, r £ R, a £ C n and U = (u a p) is an (n — 1) x (n — 1) unitary matrix. By jTH 
and ( 12T1) . its corresponding matrix, 



1 — 2zai 

Attn 

\u n i 





—2ia n 
Xu ln 







(r + i\\a\ 
\ai 

Xa n 
A 2 



(55) 



is not in SU(n + 1, 1) in general. In fact, we can write 

F\,r,a,U = F\,0,0,ld ° -^1,0,0,1/ ° -Fl,r,a,/d- 



(56) 



or A f 



A, 



A, 0,0, id 



■A, 



.4, 



Here A Fl00[7 and Aj? s d are in SU(N + 1, 1); 



while Ap x Id is in SU(N + 1,1) if and only if A = 1. Therefore 

Ap x rSU is in SU{n + 1, 1) if and only if A = 1. 



(57) 



7 Existence of First-order Adapted Lifts from M into 

SU(N + 1, 1) or into GL®(C N+2 ) 

Existence of first-order adapted lifts. Let (M', 0) be a germ of smooth real hyper- 
surface in C n+1 defined by the defining function 

n 

r = Yl z i*i + kw-w) + °( 2 )- ( 58 ) 
i=i 
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We take 



9 = idr — i ,( Zjdzj dw) J + o(l). 

V j=i J 



J- 

clS db contact form of M' . 

Write w = u + iv. Here v = Y^=i \ z j\ 2 + Take (zj,u) as a coordinates system of 
M' . By considering the coordinate map: h : C™ x R — > M', (zj,u) i— >• (zj,w + i|z| 2 + o(2)), 
we get the pushforward 

for j = 1, 2, n. Then {Lj}\<j< n form a basis of the complex tangent bundle T 1,0 M' of M' . 
Since da = — % Y^j=i dzj A dzj, we see that R is the Reeb vector field of M' . In particular, 
as the restriction at 0, we have 

d d 
^|o = ^-|o, Rm'\o = ^\o- (59) 



Theorem 7.1 Lei M <^-> dW N+1 be the image of H : M' -> 9H Ar+1 w/iere AT C C n+1 
a smooth strictly pseudoconvex CR-hyper surf ace. Then for any point in M , the first-order 
adapted lift E = (E , E a , E^ E N+1 ) of M into SU(N + 1, 1) ( hence into GL Q (C N+2 ) ) exists 
in some neighborhood of the point in M . 



Proof: Step 1. Without of loss of generality, we assume that e M so that it suffices to 
construct a lift E = (Eq, E a , E^, .Eat+i) in a neighborhood of the point 0. Here we denote 
[1:0:...: 0] by 0. 

Assume that M' is defined by the equation Im w = \z\ 2 + o(|z| 2 ) in (z,w) 6 C n x C 
where w = u + iv. Assume that H — (1, / Q , </> M , g) is the smooth CR embedding of M' into 
9H W+1 with if(0) = and 

f = z + 0(\(z,w)\ 2 ), ( p = 0(|(2, w)\ 2 ), g = w + 0(\(z,w)\ 2 ). (60) 

Let L a , a = 1, 2, n be a basis of the CR vector fields and R is the Reeb vector field on 
M'. Then as in fl59|) with ([60]), we have 

d d 
L a \o = ^— |o, and i?| = — 1 - (61) 
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It follows that L a H = as H is a CR map. By the Lewy extension theorem, H extends 
holomorphically to one side of M', denoted by D, where D is obtained by attaching the 
holomorphic discs. By applying the maximum principle and the Hopf lemma to the sub- 
harmonic function £ \f a \ 2 + £ |0 M | 2 + \{g - g) on D, it follows that ^^(0) ^ 0. Since 
f§ = and «^(0) = 0, we have ifc(0) = g(0) = ^(0) ^ 0. 



Step 2. Direct construction of E , E a and E 



N+l 



We define 



(fi»(z,w) 
g{z,w) 



(62) 



which can be regarded point in dU N+1 . Then (E ,E ) = holds: 

^/a/« + X>^ + ^(<7-S) = °> onM. (63) 
Apply the CR vector field Lp to E$, we define 

Ep = (0, L^/q, Lp<f)^, Lpg) , 

which form the basis of the complex tangent bundle T^ E ^{M). Then in a neighborhood of 
in M, we have 

span c (E ,E a )=fl 1 '°lM. 



' TTo{E a ) J 



Now, we have {E , E a ) = by applying Lp to (|63|) : 



(64) 



By the Gram-Schmid orthonormalization procedure, we can obtain, from {Ep}, an or- 
thonormal set with respect to the usual Hermitian inner product ( , )o; we denote it by {Ep}. 
By the definition @2J, we notice that for any Z = (Z°, Z A , Z N+1 ) and Z' = (Z'°, Z' A , Z' N+1 ), 



[Z, Z') 



■ l -z^\z A y - l -z\ (z' ,z' A ,z' N+1 : 



{z,z\ 



where 
see from fl64l) that 



)o is the usual Hermitian inner product and Z := (~Z N+1 , Z A , — \Z Q ) 



(65) 
Then we 



(E , Ep) 



% 1 

.^9, fa, 4>t„ ~), (0, Lpf a , Lpcfi^, Lpg) 
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Also we observe (E a , Ep) = (E a , Ep) = 5 a p. Then (E ,E ) = 0,{E ,Ep) = and 
(E a , Ep) = S a p hold. 

Applying the Reeb vector field R, we define another vector 

E N+1 := (PtRf^R^Rgy 
over a neighborhood of in M such that 

span(E , E a , E N+1 ) = T^ Eo) M. 

We want to construct 

En+i = AE + B a E a + CE N+ i 

such that 

i 

(En+i, E ) = -, (E a ,E N+1 ) = 0, and (E N +i, E N +i) = 0. 
From (E N+1 , E ) = ~, we get (AE + B a E a + CE N+1 , E ) = | so that 

C = . (66) 

2(-Etv+i, £?o) 

By (IBTi) . we notice that 

( w Eo )^ E IfioA(o) + E ^iA(o) + 

and therefore (£?jv+i, #o)(0) = |i? #(0) ^ 0. 

From (.Biv+i, # a ) = 0, we get (AE + BpEp + CE N +i, E a ) = so that 

-B a = —C8p a {E N+ i, Ep) = —C(E N+ i,E a ). (67) 

From^v +1 , = 0, we^get (AE + fl^ + C§v +1 , AE + B^, + C^v+iH 0. 

Since C(E N+1 , E ) = |, C(E , E N +i) = — |, _B a = —C(E N +i,E a ) and -B Q = —C(E a ,E N+ i) 
by (1661) and (1671) . we obtain 

+ - \ B *\ 2 + |C| 2 (^+i, ^AT+l) = 0, 

a 

so that 

Im{A) = J2\B a \ 2 - \C\ 2 {E N +i, E N+1 ). (68) 

a 
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Therefore E N+ i is determined. 

So far we have {E , E ) = (E N+1 ,E N+1 ) = (E , Ep) = (E N+1 ,Ep) = 0, {E w Ep) = S af3 
and (E ,En + i) = — | hold. 

Step 3. Construction of E From Step 2, at the point 0, we have vectors 

E \o = [1:0:...: 0], £i| = [0 : 1 : : ... : 0], ...,E n \ = [0 : : ... : 1 : : ... : 0], (69) 

and 

/-'v.,0 ():0:...:0: 1 ■ (70) 
Therefore we can define E at the point by 

E(0) := Id G SU(N + 1, 1). (71) 

For any other point P in a small neighborhood of in M, we are going to define E(P) G 
SU(N + 1, 1) as follows. 

Write = P for some p G M'. Then we take a map $pG SU(N + 1, 1) such that 



(P) = 0, T^(M) = span c (E \ ,E a \ ), and T ^(M) = span(E \ , E a \ , E 



N+1\0) 



where E \ ,E a \ and E N+ i\ are defined in (16^]) and (1701) . The map \l/p can be defined as 
A Fl rS U o A a F where A ct f G SU(N + 1, 1) as in (JMD and A Fl rS [/ G SU (N + 1, 1) as in (I5B . 
Notice in the construction of the normalization F** and _F*** ; we can always choose A = 1 
so that fl56l) can be used. \l/p is smooth as P varies. Then we define 

E(P) := (V* P )*E(0) = (Vp^EiO). (72) 



This definition is the same as in ( 1501 . Since is invariant for the Hermitian scalar product 
( , ) defined in (1421) and E(0) satisfies the identities (]43p . it implies that E(P) satisfies the 
identities i.e., E(p) G 5t/(iV + 1, 1).^ 

As a matrix, we denote E(P) = (E , E a , E^, E^+i)- Since the map preserves the CR 
structures and the tangent vector spaces of M and \l/p(M), we have 

span c (E , E a ) = span c (E , E a )\ P , span(E , E a , E N+1 ) = span(E , E a , E N+1 )\ P . 

where E , E a and E N+ i are constructed in Step 2. We remark that we can replace (E , E a , 
En+i) by (Eo, E a , E N+ i). □ 

Existence of a more special first-order adapted lifts when M is spherical When 
M = E(dM n+1 ) where F G Prop2{W a+1 , M N+1 ), we can construct a more special first-order 
adapted lift of M into SU(N + 1, 1) as follows (cf. [HJY09j ). 



21 



Let F = (f,(f),g) G Prop 2 (dM n+1 , dU N+1 ) be any map with F = F***. Then F(0) = 0. 
We introduce a local biholomorphic map near the origin 



F fg := (f,g) : C" +1 - C n+1 , (z,z N+1 ) » (f,g) = (z,z N+1 ) 



with its inverse 



1 . (Pn+l , tnn+1 



C"'+\ (2,Z N+1 ) ^ ((Ff g Y\---,(F7a) in \(F7a) iN+1) ) = frZN + l) 



fg 



fg 



Here we use (z, 2n+i) as a coordinates system of M — F(dM. n+1 ) near F(0) = 0. Denote 
Proj fg : C N+1 -> C n+1 , (z, Zat+i) i-> (5, z/v+i)- Then we have Proj fg oF = F fg : 



F : dU n+1 



F / 9 i Projfg 



We also have a pair of inverse maps F : <9HP +1 — > M and (F^ 1 ) o Projfg : M — > cM 
Locally we can regard M graph: F o F^ 1 : C n+1 -»• M C C^ 2 : 

Now let us define a lift of M into SU(N + 1,1) 

e = (e , e a , e M , eAr+i) G S£/ (N + 1,1), 1 < a < n, n + 1 < u. < N 

as follows. 

We define e$ : M C^" 1 " 2 be the inclusion: 



n+l 



e (i, zjv+i) = F o F /fl x (z, % + i 



1: i: <f>((F fg ) 1 (z,z N+1 )) : zjv+i 



V(i, Ijv+i) G C n+1 . We define e Q : M -> C^ 2 for 1 < a < n: 

1 



^\L~Jf+\L~t 



[0 : L a f : L a <j> : L a g] o FT 1 



(73) 



(74) 



(75) 



where L a = + 2iz a 9z n+i ■ By the definition (1421) . we have (eo, eo) = because f ■ f + 4> ■ 
~ h(d - t) = z ■ z + <p{(Ff g y l (z, z N+1 ))(f)((Ff g )- 1 (z 1 z N+1 )) + § (z N+1 - z N+1 ) = holds 
on <9H n+1 , and (e , e a ) = because L a f ■ f + L a (j) ■ 4> + %L a g = holds on <9H n+1 , and 
(e Q) e/3) = <5q,/? because L a / • Lpf + L a <p ■ Lp(j) = holds on dW n+1 for a ^ (3. 
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If we define e^ + i := (0, Tf, T0, Tg) f o F^, where T = with z N+1 = u + iv, then 

span(e , e a , e^, e-N+i) = T 7ro ( eo )M. We then find coefficient functions A,B a and C such that 
e N+ i = Ae + ^2 B a e a + Ce N+1 satisfies 

(e ,e N+1 ) = --, (e a ,eAr+i) = 0, (ejv+i, ejv+i) = 0. (76) 



8 Relationship among four definitions of IIm 

Lemma 8.1 Let H : M' — > dM N+1 be a CR smooth embedding where M' is a strictly 
pseudoconvex smooth real hypersurface in C n+1 . We denote M = H(M') . Then the following 
statements are equivalent: 

(i) The CR second fundamental form IIm by Definition 1 identically vanishes. 

(ii) The CR second fundamental form IIm by Definition 2 identically vanishes. 

(iii) The CR second fundamental form IIm by Definition 3 identically vanishes. 

(iv) The CR second fundamental form IIm by Definition 4 identically vanishes. 



Proof (i) (ii) by (1T51) . 

(iii) -<=/• (iv) The equivalence follows by the facts that, for Definition 3 and 4, II M = 
for one first-order adapted lift e if and only if II M = for any first-order adapted lift s, that 
a first-order adapted lift from M to SU(N + 1, 1) must be a first-order adapted lift from M 
to GLQ(C N+2 ). 

(iv) (i) : Let M C dU N+1 be a (2n + 1) dimensional CR submanifold with CR 
dimension n that admits a first-order adapted lift e into SU(N + 1, 1). Consider the pull- 
backed Maurer-Cartan form over M by e 



oj 



OJl 


1 1° 
Up 


,0 


, 1° 


-l\ 


< 


, y a 
U B 






-1 





A* 
^3 
. ,N+1 


U» 

V 


A 4 


-1 


, .N+l 







1 / 

-1/ 



with 



AT+1 



N+l 
N+l 



OJ 



0, c^ +1 



2iu£, 
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N+li 

0, u° 



where 1 < A < N. 



, A -i- , , Ar+1 
w A + u; 7V+1 



(77) 
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Let 9 = u +1 which is a real 1-form by (177)) . By duj = —uj A u and (177)) . we obtain 
d9 = A — Au>q — cu%Xl A = 2iuj% A Z% - 6 A (cu ° + u$) = i6 a A F, 

where we denote 

6 a = V2lu« + c a 6 (78) 

for some functions c a . Therefore, (|HJ) holds and hence M is a strictly pseudoconvex pseu- 
dohermitian manifold with an admissible coframe (9,9 a ). Hence Definition 4 of II u = 
implies Definition 1 of IIm = 0. 

(i) (iv): Definition 1 of IIm gives a coframe (9,9 a ) which corresponds to Definition 
2 of IIm with respect to a defining function p of M in dW N+1 . 

Now take a first-order adapted lift e from M into SU(N + 1, 1). By ( 1781) . it corresponds 
to a coframe (0, # a ) on M and by (TT6l) . it corresponds Definition 2 of by some choice of 
the defining function p of M in dM N+l . 

The above p and p may not be the same. But Definition 2 of IIm = is independent of 
choice of defining functions, which gives (i) (iv). □ 

9 Proof of Theorem 1.1 

Lemma 9.1 (cf. [EHZ04], corollary 5.5) Let H : M' -> M dU N+1 be a smooth CR 
embedding of a strictly pseudoconvex smooth real hypersurface M C C n+1 . Denote by (ujJ 1 *) 
the CR second fundamental form matrix of H relative to an admissible coframe (9, 9 A ) on 
dM N+l adapted to M. If ujJ 1 ^ = for all a, (3 and p, then M' is locally CR-equivalent to 
<9H n+1 . 

Proof of Theorem 1.1 Step 1. Reduction to a problem for geometric rank By 
Lemma 18.11 and Lemma 19.11 and the hypothesis that the CR second fundamental form iden- 
tically vanishes, we know that M is locally CR equivalent to dW n+1 . 

Then M is the image of a local smooth CR map F : U C dW l+1 — > M C dW N+1 where 
U is a open set in dW l+l . By a result of Forstneric [Fo89j . the map F must be a rational 
map. It suffices to prove that F is equivalent to a linear map. By Lemma [2T2l it is sufficient 
to prove that the geometric rank of F is zero: k = 0. 

Suppose k > and we seek a contradiction. 

Step 2. Reduction to a lift of ((H o r/)(M), 0) Take any point p e U C <M n+1 with 
K o = K o{p) > 0, and consider the associated map (see Lemma 12. II) 

F;** =Hot* oFoaJoG : dW n+1 -+dB. N+1 , F p ***(0) = 0, (79) 
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where a° is defined in <^), if is defined in ®, G 6 Aut Q (M n+1 ) and H G Aw^H 7 ^ 1 ) 
are automorphisms. By Theorem 12.31 F* ** = (/, 0, g) satisfies the following normalization 
conditions: 



„ ifij . . d 2 f. 

fj = Z 3 + ~Y z i w + M 3 ) 



3 (0) = 0, j 

1 



dw 2 

1, • • • ,n 



« 0) A^' > 0, 



^•=^• + 0^(3), j 

4=^ + 0^(4), ( 8 °) 
^7 =fijiZjZi + o wt (2), where (j, 1) 6 5 with /i j7 > for (j, /) G S 
and f/,ji = otherwise 

where fiji = y/JTj + for j, / < k j ^ I, /iji = ^JJTj if j < and I > Ko oy if j = I < k . 
Here the assumption that kq > is used. 
From (1751) we obtain 



(M,F(p)) 
t F 

(ae n+1 ,j9) 



(ifor/(M),0) 

(aH n+1 ,o) 



If we can show that there exists a first-order adapted lift e from the submanifold H o (M) 
near into SU(N + 1, 1) such that the corresponding CR second fundamental form 

n Ho T f { M) ¥> at 0, (81) 



then we obtain a first-order adapted lift e := (H o r ? 



' ) 1 o eo H o Tp from the submanifold 
M near F(p) into GL < ^(C 7V+1 ) such that the corresponding CR second fundamental form 

IF M + at F(p). (82) 

Notice that the map H o G GL q (C n+2 ) but # o r p F £ ST^iV + 1, 1), so that the lift e is 
not from M into 5^7 (iV + 1,1). This is why we have to introduce Definition 3. 

Since we take arbitrary p G <9H n+1 , from (1821) it concludes that llu ^ 0, but this is a 
desired contradiction. 



Step 3. Calculation of the second fundamental form It remains to prove existence 
of the lift e such that (1HT1) holds. 

The lift e constructed in the second half of Section 7 is a first-order adapted lift from 
H o Tp{M) near into SU(N + 1, 1) which defines a CR second fundamental form as a 
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tensor IIh ot f {m) = ^ap^^ ® ( e A*) m If we can show 



^ y ' ~ dz a dz p 



53) 



where F*** = (f,(f>,g) = (f a , 4> 9) ■ Since we assume that k > 0, by (J80l) and (j83l) . it 
implies 9^(0) 7^ 0,Va,/3 and /i, i.e., Hhot f (m) ^ ®- ^his P roves (fSTj) . 

Let 2£ = (eo, e a , E^, e7v+i) be the lift constructed in Theorem 17.11 (see the remark at the 
end of the proof of Theorem 17. ip and in ( 1741) ( 1751) and ( 1761) . Since E\q — Id, we have 



u\ = (E- 1 \ )(dE)\ = dE\ 



so that 



^ 



' * 

dz\ * 

dz n * 

* * 



dw * 



Hence ul\o = dz±, Uq\o = dz n , u;^ +1 |o = dzN+i- Then by applying the chain rule, we 
obtain 



^\ = dE^\ = d((L^)o(F fg )- 1 ) 



dz k 



d d 2 (p 

((Ljfa) o {FfgY^dZk = ^-^Ho^olo, 



dzkdzj 



for any j, k G {1, 2, n, N + 1}, n + 1 < \l < N. Hence ( l83l) is proved. The proof of 
Theorem 1.1 is complete. □ 
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